Fixed Point Indices and Invariant Periodic Sets of 
Holomorphic Systems 



Guang Yuan Zhang 

Abstract. This note presents a method to study center famihes of periodic 
orbits of complex holomorphic differential equations near singularities, based 
on some iteration properties of fixed point indices. As an application of this 
method, we will prove Needham's theorem in a more general version. 



1. Fixed point indices of holomorphic mappings 

Let C" be the complex vector space of dimension n, let U be an open set in C" 
and let / : f7 ^ C" be a holomorphic mapping. If p G t/ is an isolated zero of /, 
say, there exists a neighborhood V with p ^ V C V C U such that p is the unique 
solution of the equation f{x) = in V. Then we can define the zero index of / at 
p by 

7rfip) = #{xeV;fix)^q}, 
where g is a regular value of / such that \q\ is small enough and # denotes the 
cardinality. TTf{p) is well defined (see |5] or ^7] for the detail). 

If / : ?7 — > C" is a holomorphic mapping and p is an isolated fixed point of /, 
then there is a ball B in U centered at p so that p is the unique fixed point of / in 
B, in other words, p is the unique zero of the mapping 

/-/:B^C", 

which puts each x £ B into f(x) — x, and then the fixed point index of f at p is 
well defined by 

Fixed point indices of holomorphic mappings have the geometric properties 
stated in the following lemmas (see a-nd ^7]). We will denote by A" a ball in 
C" centered at the origin. 

Lemma 1. Let f : A" C" be a holomorphic mapping such that G A" is an 
isolated fixed point of f. Then Pf{0) > 1, and the equality holds if and only if the 
Jacobian matrix /'(O) of f at has no eigenvalue equal to 1. 
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Lemma 2. Let U be an open and bounded set in C" and let f : U C" be a 
holomorphic mapping such that f has no fixed point on the boundary dU. Then f 
has only finitely many fixed points in U . 

Lemma 3. Let f : A" —>■ C" be a holomorphic mapping such that is the 
unique fixed point of f in A" . Then for any holomorphic mapping g : A" C" 
that is sufficiently close to f on the boundary 9A", g has only finitely many fixed 
points in A" and 

This lemma gives us an intuitive interpretation of the fixed point index: with 
the same condition of this lemma, for any holomorphic mapping g : A" — > C" such 
that g is sufficiently close to / on the boundary 9A" and all fixed points of g in A" 
are simple, g has exactly /z/(0) distinct fixed points in A". A fixed point a; of g is 
called simple if det{g'{x) — I) ^ 0, say, the Jacobian matrix g'{x) has no eigenvalue 
1, where / is the unit matrix. 

Let / : A" C" be a holomorphic mapping such that is a fixed point of /. 
Then for any positive integer k, the fc-th iteration f'' of / is well defined in some 
neighborhood Vk of 0, where f^ — f, f^ — f o f, f^ = f o f o f, and so on. The 
following result can be found in a more general and more precise version in |16j 
when n — 2, and when n > 2 the proof is similar and will be given in the appendix 
section. 

Proposition 1. Let m > 1 be a prime number and let f : A" C"- be a 
holomorphic mapping such that G A" is an isolated fixed point of both f and /'". 
///'(O) has an eigenvalue that is a primitive m-th root of 1, then 

(1.1) ^if^{0)>m. 

A complex number A is called a primitive m-th root of 1, if A'" = 1 but A*^ 7^ 1 
for k — 1, . . . , m — 1. The following lemma is due to Shub, M. and Sullivan, D. |14j . 

Lemma 4. Let m > \ be a positive integer and let Q : A" — > C" be a holomor- 
phic mapping with an isolated fixed point at the origin G A". Assume that for 
each eigenvalue A o/8'(0), either \ = 1 or A"* ^ 1. Then is still an isolated fixed 
point ofQ"". 

In the rest of this section we will consider a holomorphic system 

(1.2) i^^^Fix),xeA", 

where F : A" — > C" is a holomorphic mapping such that is an isolated zero of F, 
say, is an isolated singularity of the system. The following result is well known. 

Lemma 5. For any r > 0, there is a ball B C A" centered at the origin such 
that the local flow (t>{t,x) of J^l.^) is real analytic on [0,t] x B, holomorphic with 
respect to x, (f>{[0, t]x B) C A" and, putting ^t{x) = 4>{t, x), the Jacobian matrices 
$^(0) and F'(0) of and F at 0, respectively, are related by 

(1.3) $;(0) = e"^'(°\ 

Now, we can prove the following result as a consequence of Proposition ^ 
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Corollary 1. Consider the holomorphic system U.S]) and assume the Jaco- 
bian matrix F'{0) has an eigenvalue uji, with uj ^ being real. Let ^{x) ~ 4'i'^\i ^) 
be the time mapping of the local flow 4>{t, x) of the system. Then is an accu- 
mulated fixed point of $. 

Proof. By Lemmaini $ is well defined and holomorphic in a neighborhood of 
0. To prove the conclusion by contradiction, we assume that is an isolated fixed 
point of $. Then fi — /i$(0) is well defined. 

Let m be an integer with m > /i$ (0) . Then is an isolated fixed point of both 
^{x) = </'(;||^,a;) and the m-th iteration 4'™ of ^, for 

777 ZTT 

^"^{x)^^{—-x)^^x) 
m\oj\ 

in a neighborhood of 0. The previous equality also implies that 

(1.4) A'*"(0) = M*(0) =M- 

On the other hand, it follows from 1)1. 3|l that ^''(0) has an eigenvalue equal to 
e "'^1 ' , which is a primitive m-th root of 1, and then by Proposition^ 

^ipm (0) > TO > /i. 

This contradicts H1.4|l . Therefore, can not be an isolated fixed point of $. □ 

This corollary is the key ingredient of our method to study invariant varieties 
of holomorphic systems. After some analysis about the fixed point set Fix{^) of 
$ we will be able to prove that Fix{^) contains an analytic variety of complex 
dimension at least 1 , consisting of and periodic orbits of the same period of the 
system. Under certain condition, we will also be able to prove that Fix{^) consists 
of periodic orbits of the same period . Here the period always means the least 
positive period. 

2. Periodically invariant varieties of holomorphic systems 

2.1. Centers of planar holomorphic systems . In the history of the qual- 
itative theory of planar ODEs, one of the most interesting problems is to find the 
condition such that a singularity of an ODE is a center or isochronous center. 

Let [/ be a domain in and let G G C'^iU, R^), k>l. For the planar ODE 

(2.1) x^G{x),xeU, 

an isolated singular point p E U is called a center if and only if there exists a punc- 
tured neighborhood V C U of p, consisting of periodic orbits of (|2.1|) surrounding 
p, and p is called an isochronous center if and only if it is a center and all orbits of 
(12.11) near p have the same period. 

Up to now, several classes of systems have been studied extensively, in relation 
to the existence of isochronous centers (see |2]). Among them, the equation 

z = P{z),ze U cR^ ^C, 

where P is a complex holomorphic function defined on U, were considered in PP, 

0, la, E], 0, m, ca and ng, etc. 

The first result about isochronous centers of complex holomorphic equations 
was probably given by Gregor [H] in 1958. Gregor's result can be concluded as 
follows. 
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Theorem 1 (Gregor). Consider the system 

(2.2) z ^ P{z),z eU CC, 

where P is a holomorphic function defined on U . A simple zero E U of P is 
a center of system if and only if P'{0) is pure imaginary. In this case 

is an isochronous center and the common period of each cycle surrounding is 

rp 27r 

- \P'(0}\- 

This result can be found summarized in [7] and several proofs of this theorem 
can be found in [T], 0, 0, [12 and [TS]. 

2.2. Invariant periodic sets of holomorphic systems in C". Now, con- 
sider an ?i-dimensional complex holomorphic system 

(2.3) x = F{x),xeA'\ 

where A" is a ball centered at the origin in C" and F : A" C" is a holomorphic 
mapping such that is an isolated zero of F, say, is an isolated singularity of H2.3|l . 

When n = 2, as a generalization of Gregor's theorem, Needham and McAllister 
[TT] proved that if 

m=(r °). 

where ^ ^ is a real number and A 7^ is a complex number, then there exists 
a one dimensional complex manifold consisting of and periodic orbits of (|2.3() of 
the same period. 

For arbitrary n, Needham jlU| proved the following theorem. 

Theorem 2 (Needham). If F'{0) has a nonzero pure imaginary eigenvalue fii 
and if the other eigenvalues all have nonzero real parts, then there uniquely exists 
a one dimensional complex submanifold of a neighborhood ofO in A", consisting of 
and periodic orbits of fHi.yji) of the same period 

In this note, we shall use Corollary ^ together with some analysis of fixed 
point sets of certain moment mapping of the local flow of (|2.3|l . to prove Needham's 
theorem in more general versions: 

Theorem 3. There is a complex analytic variety in A" with pure complex 
dimension at least 1 consisting of and periodic orbits of 1^2. c!\) of the same period, 
if and only if F'(0) has a nonzero pure imaginary eigenvalue. 

Theorem 4. If F'{0) has a nonzero pure imaginary eigenvalue uji and if for 
any other eigenvalue A of F'{0), 

A/ (uji) ^±2,±3, 

then there exists a complex analytic variety in A" of pure complex dimension at 
least 1, consisting of and periodic orbits of 1^2. of the same period 

Theorem 5. If F'{0) has a nonzero pure imaginary eigenvalue Lui and if for 
any other eigenvalue A of F'{0), 

A/ (c^z)^0,±l,±2,..., 

then there uniquely exists a complex analytic disk D in A" consisting of and 
periodic orbits of \2.!il\) of the same period 
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The term pure dimension means that the variety has the same dimension ev- 
erywhere, the term analytic disk means that I? is a holomorphic embedding of a 
disk in the complex plane and the uniqueness of D means that any analytic disk 
satisfying the condition in the theorem coincides with £) in a neighborhood of in 
C". 

Remark 1 . The method in this note can also be applied to study the analyticity 
of stable manifolds and unstable manifolds of holomorphic differential equations, by 
parameter transformation of the time t: we can use any line in the complex plane 
to replace the real line of t. 

For example, if we replace the time t by {a + ib)t with 6^0, then the invariant 
varieties in Theorems\^to\^ become stable, or unstable, invariant sets in the new 
systems. 

3. Proof of Theorems ISHU 

Lemma 6. There exist positive numbers S and Tq, such that for each T in the 
interval (0, Tq], the system \2J^) has no periodic orbit of period T intersecting Bs, 
where Bs = {x€C"; \x\ < d}. 

Proof. Let </) — cj){t, x) be the local flow of ^2.[\y By LemmaEl for any To > 0, 
there is a (5 > 0, such that (/)(t, x) is real analytic on [0, Tq] x Eg and complex holo- 
morphic with respect to x. We shall show that the conclusion holds for sufficiently 
small 5 and sufficiently small Tq. 

Otherwise, for any fixed 5 and To, there exist sequences {jyj} in the interval 
(0,(5) and {tj} in the interval (0,To) such that 

(3.1) r]j and tj ^ as j ^ cxd, 

and that for each j, (|2.3|l has a periodic orbit Oj of period tj intersecting i?^^ . 
By the fact that (/)(0, x) = x we have 

(3.2) _max \4>{t, x) — x| — s- as j ^ oo. 

xeBs,0<t<tj 

Considering that Oj fl B,,^. contains infinitely many fixed points of the time tj 
mapping $4^(0;) = (f>(tj,x) of the local flow (f> and r]j < S, we conclude by Lemma 
|21that the time tj mapping has a fixed point Xj G dBg (the boundary of Bs), 
for each j. Without loss of generality, assume 

(3.3) lim Xj — Xq 

for some xq G dBg. 

We assume that S is small enough such that is the unique sing ularity of 
in Bs- Then there exist positive numbers to and with to < ^Oi such that 

10(^0,2^0) - xo\ > Oq. 
Thus, by (|3.3|l . for sufficiently large j, 

\(l){to,Xj) - Xj\ > 60. 

On the other hand, since Xj is a fixed point of the time tj mapping , we 
have that (j){tj,Xj) — Xj for each j, and then, putting to = mjtj + Vj for each j, 
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where ruj is an integer and < rj < tj, we have 

\(j){rj,Xj) -Xj\ = \4){r.j,(t){mjtj,Xj))-Xj\ 
= \4>{mjtj +rj,Xj) -Xj\ = \(f){tQ,Xj) ~Xj\ > Oq. 
This contradicts H3.2(l . for < < tj and G This completes the proof. □ 

To prove Theorems |3H11 we need some known results about analytic sets. The 
reader is referred to @], pages 14-57, for the details. 

Lemma 7. Let A be an analytic subset of an open subset of C"'. Then for any 
p € A, the (complex) dimension dim^ ^ of A at p is at least 1 if and only if p is an 
accumulated point of A. 

Lemma 8. If dimpA > 1, then A has an irreducible component B containing 
p, with a pure complex dimension at least 1. 

Lemma 9. Any irreducible component of A is the closure in A of some con- 
nected component of reg^, where legA is the set of all regular points of A. 

A point p ^ A\s called regular, if there is a neighborhood Vp of p in C", such 
that n ^ is a complex submanifold of Vp . 

PROOF OF THEOREM |3l We first proof the necessity. Assume that there 
exists an analytic variety E of pure complex dimension at least 1 , consisting of the 
singularity and periodic orbits of (|2.3I) of the same period tq (note that the period 
always indicates the least positive period.) 

By Lemma El there exist positive numbers 5 and Tq (< tq) such that for each 
T G (0, To], the system (|2.3|) has no periodic orbit of period T intersecting Bs- 

Let M be a prime number such that tq/M < Tq and let <i>(a;) = 0(ro/M, x) be 
the time tq/M mapping of the local flow x) of (|2.3|l . Then is the unique fixed 
point of $ located in Bs- On the other hand, by the assumption about S, is an 
accumulated point of E and all points of E are fixed points of <i>*^(a;) = (/)(to,x), 
and then is an accumulated point of fixed points of <i>*^. 

Thus by Lemma 0] $'(0) has an eigenvalue A such that A 7^ 1 but A™ = 1, 
which implies by Lemma^lthat F'{0) has an eigenvalue A with A = e~^ ^ 1 and 
j^M _ gToA _ Clearly, X — ui fore some real number oj ^ 0. This completes the 
proof of the necessity. 

The sufficiency follows from Theorem 0| directly. □ 

PROOF OF THEOREM gl Assume F'(0) has an eigenvalue toi such that 
w ^ is a real number and for any other eigenvalue A 

(3.4) A/(c^j)^±2,±3,... 

Then by Corollary^ the origin is an accumulated point of fixed points of the time 
mapping $ = (/)(-^, •) of the local fiow 4>{t, x) of H2.3|l defined in a neighborhood 
of the origin. 

By Lemma |S1 for some ball B centered at the origin 0, 4>{t,x) is real analytic 
on [0, -^J X B and holomorphic with respect to x ^ B. Let Ab be the set of all 
fixed points of the mapping $ in 

27r 2tt 
Vb = <^([0, --]xB) = {^{t, x);te[0,--],xe B}. 



FIXED POINT INDICES AND INVARIANT PERIODIC SETS 



7 



Then Ab is an analytic subset of Vb and by Lemma Owe have dimoy^s > 1, and 
then, by Lemma |H1 there exists an irreducible component Ss of Ab containing p 
with a pure complex dimension at least 1. 

We first show that I]b\{0} consists of periodic orbits of (|2.3() . It suffices to 
prove that is invariant by the flow (f)(t,x). Note that by the definition of Vb, 
Ab is invariant by the local flow 4>, say, (j>{t,AB) = Ab for all real t. 

By LemmaEl there exists a connected component S of JiegAB such that is 
the closure of S in Ab- Then each p € S has a neighborhood Up in Vb, such that 
SCiUp is a complex submanifold of Up and S is the only connected component of Ab 
intersecting Up, and then is the only irreducible component of Ab intersecting 
Up. On the other hand, for sufficiently small e > 0, ^^(Sb) = ^(e, Ss) must 
intersects Up, and then by the fact that — <j)[e, ■) is a biholomorphic mapping 
from Vb onto ^eiVB), ^ei'^B) is also an irreducible component of <i>e(^B) — Ab 
(Recall that Ab is invariant by the flow (f){t,x)). Therefore, ^eC^B) and are 
both irreducible components of Ab and both intersect Up, and then ^^(Sb) — Y.b, 
which implies that (j){t, Es) = T,b for all real t. Thus T,b is invariant by cp and then 
Eb\{0} consists of periodic orbits. 

It is clear that for each periodic orbit O C I]b\{0}, the period T{0) of O equals 
to 1 ^^^^ for some positive integer mo ■ By Lemma El we may assume that B is 
small enough such that for some fixed Tq > 0, the period of each orbit in Ss\{0} is 
larger than Tq. Then for each periodic orbit O C Sb we have Tq < T{0) = \ J\mo ' 
with 

(3.5) mo e {l,2,...,m*}, 

where m* is the integral part of 27r (To|w|)^^. 

We assert that if the ball B is small enough, then for each periodic orbit O C 
Eb\{0}, Too = 1- Otherwise, by (|3.5() there is a fixed integer to > 1, and a sequence 
{xfc} C Sb\{0}, such that Xfc — > as A: — > oo and the periodic orbit passing through 
Xk has period for each k, say, (t>{\^, Xk) = Xk for each k. 

Let M be any given prime number with ^^'^^j^j < To. Then is an isolated 
fixed point of Q{x) = (p{ , x) but is an accumulated point of fixed points of 

8*^ for 

e^'ixk) = cl){^^,Xk) = Xk,k = 1,2, . . . 

Therefore, by Lemma^] the Jacobian matrix O'(0) must have an eigenvalue A with 
A 7^ 1 but A*^ = 1. Hence, by (|1.3|) . we have A = e i^i™"'*' for some eigenvalue A of 
F'{0) such that A 7^ and j^y^X is a multiple of 27ri, and then X/{uji) ~ ±km for 
some positive integer k, which contradicts (|3.4|l . Therefore, we have m ~ 1. The 
proof is complete. □ 

PROOF OF THEOREM El Assume that Ai, . . . , A„ are the n eigenvalues 
of the Jacobian matrix F'{0) of F at 0, with Ai = cui and 

(3.6) A,/Ai ^ 0,±1,±2,±3, = 2,3, . ..,n. 

Ignoring a linear transform of the phase space, we may assume that the Jacobian 
matrix F'{0) is lower triangular and has Ai, A2, A„ down its main diagonal. We 
write this by 

(3.7) i^'(O) = (Ai,A2,A3,...,A„). 
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By Lemma El there exists a baU B centered at the origin such that the local 
flow (f>(t, x) of H2.3|l is real analytic on [0, j^] x B and complex holomorphic with 
respect to x E B. 

By H3.7(l and Lemma El 

Ai^e^^',l = l,2,...,n, 

are all the eigenvalues of the Jacobian matrix <i>'(0) of the time mapping — 
(f){j^,x) at 0, and by H3.6I) we have 

(3.8) Ai^l,l = 2,...,n. 

It also follows from H3.7|l and LemmaElthat $'(0) = (1, A2, A3 . . . , A„) is a lower 
triangular matrix which has 1, A2, A3 . . . , A„ down its main diagonal. Therefore, 
putting X — {xi,X2, ■ ■ ■ , Xn) and ^ — {(pi,(p2, ■ ■ ■ , fn), by H3.8(l we have 



det — - In-i 

d{X2,X3, . .. ,Xn) 



^0 



where In-i is the (n — 1) x (n — 1) unit matrix. So, by the implicit function theorem, 
there uniquely exist one variable complex holomorphic functions x; = xi{xi),l — 
2, . . . , n, defined in a neighborhood of the origin in the complex plane C, solving 
the system of the equations 

ipi{xi,X2, ...,Xn)=XlJ^2,...,n, 

in a neighborhood of the origin 0, with 

(3.9) a;i(0) ==0,; = 2,3,...,n. 

Therefore, in a neighborhood of the origin in C", the fixed point equation 

(3.10) ^{xi,X2, ■ . . ,a;„) = ixi,X2, . . . ,a;„) 
is equivalent to the system of the n equations 

Xi ^ ipi{xi,X2{xi), . . . , Xn{xi)), 

xi = xi{xi)J = 2, . . . ,n. 

By Corollary^ is an accumulated point of fixed points of and then is an 
accumulated point of zeros of the holomorphic function xi—(pi{xi,X2{xi), . . . , Xn{xi)) 
which is defined in a neighborhood of the origin in C. Therefore, we have 

(pi{xi,X2ixi), . . . ,Xn{xi)) EE Xi 

in a neighborhood of xi = in C, and then the equation (|3.11|) reads 



(3.11) 



(3.12) 



Xi = Xi, 

xi = xi(x]), ; = 2, . . . , n. 



It is clear that there exists a positive number 8 such that 

= {{xi,ip2{xi), . . . ,(^„(a;i)); xi E C, |xi| < (5} 

is an analytic disk in A", which contains by 13.9(1 . 

By the equivalence of 1(3.10(1 and 1(3.12(1 . in a neighborhood of 0, coincides 
with the set Ab of all fixed points of $ in 

=0([O,^] xB), 
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and then E Ab has a neighborhood Uo in As so that Uq is an analytic disk in 
C". On the other hand, by Theorem 0] there exists an analytic variety E of pure 
complex dimension at least 1, consisting of and periodic orbits of the same period 
of the system (|2.3ll , and then by the equivalence of (|3.10() and H3.12() , G S has 
a neighborhood Vq in E such that Vq C Uq, which implies that the dimension of S 
is equal to 1, and then Vb coincides with Uq in a neighborhood of 0. 

Now, we can conclude that S, S| and Ab coincide in a neighborhood of the 
origin. Therefore, when B is small enough, Ab is contained in EnE|, and then Ab 
contains an analytic disk D consisting of and periodic orbits of the same period 

R- 

The above argument also show that any analytic disk D consisting of and 
periodic orbits of (|2.3|l with the same period ^ coincides with S]| in a neighborhood 
of 0, which implies the uniqueness and the proof is complete. □ 

4. Appendix 

Proof of Proposition ^ By the given condition, there exists a ball _B c A" 
with center such that both / and is well defined in a neighborhood of B and 
is the unique fixed point of both / and /™ in B. 

Let A be an eigenvalue of /'(O) that is a primitive m-th root of 1. Then the 
Jacobian matrix (/'")'(0) (/'(O))™ of /" at has the eigenvalue A™ = 1, and 
then by Lemma ^ we have 

(4.1) fij^{0)>2. 

We first assume that none of eigenvalues of /'(O) equals to 1. Then applying 
Lemma n once more we have 

(4.2) fifiO) = 1. 

We can construct a sequence fk ■ A" — > C" of holomorphic mappings, converg- 
ing to / uniformly, such that for each fc, is a simple fixed point of both and 

say, /fc(0) = /^(O) = 0, but neither /^(O) nor (/f )'(0) has eigenvalue 1. This 
can be accomplished by small perturbations of the linear part of / at 0. 

It is clear that for sufficiently large k, fJJ^ is well defined on B and /™ converges 
to uniformly on B as k tends to oo. Therefore, by H4.1|l . Lemma Eland the 
condition that is a simple fixed point of /™, we conclude that for sufficiently 
large k, fJJ^ has another fixed point Xk ^ in _B. On the other hand, since is the 
unique fixed point of / in 5, by Lemma Ol and (|4.2(l . for sufficiently large A;, is 
the unique fixed point of fk in B. Thus, we have fk{xk) ^ Xk- 

Now that /fc(xfc) ^ Xk, f™{xk) = Xk and m is prime, Xk is a periodic point of fk 
with period m, say, the periodic orbit r{xk) — {xk, fk{xk), ■ ■ ■ , fk^~^ixk)} contains 
m distinct points. Since is the unique fixed point of in B, by the convergence 
of /™ we have that ^ as A: — > oo, and then by the condition /(O) =0 and the 
convergence of fk, the periodic orbit T{xk) is contained in B for sufficiently large 
k. Thus for sufhciently large k, 0, a;^, fk{xk), ■ ■ ■ , fk^~^{xk) are m + 1 distinct fixed 
points of fk in B. By Lemma |31 we then have 

^/m(0) > m + 1. 

Therefore, Hl.lfl holds. 
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In general, we can consider the mapping 

fe = (eizi, . . . + /(zi, . . . ,2;„) 

where e — (ei,...,e„) is so chosen that /^(O) has eigenvalue A but none other 
eigenvalue equals to 1. It is easy to see that we can chose e sufficiently small so that 
/™ is sufficiently close to /™, and then by Lemma |3| we have /i/m(0) > /i/m(0) > 
m+ 1. This completes the proof. □ 
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